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Abstract 

In this note, we study one-dimensional reflected backward doubly stochastic differ- 
ential equations (RBDSDEs) with one continuous barrier and discontinuous generator 
(left-or right-continuous). By a comparison theorem establish here for RBDSDEs, we 
provide a minimal or a maximal solution to RBDSDEs. 
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1 Introduction 

Backward doubly stochastic differential equations (BDSDEs for short) are equations with 
two different directions of stochastic integrals, i.e., the equations involve both a standard 
(forward) stochastic integral dW t and a backward stochastic integral dB t : for t € [0, T), 

Y t = $ + J T f{s,Y s ,Z s )ds + J g(s,Y s ,Z s )dB s - J T Z s dW s , (1.1) 

where ^ is a random variable termed the terminal condition, / : £1 x [0, T] x M. k x W 1 — > E, 
g:Ox[0,I , ]xR t xl <i ->l' are two jointly measurable processes, W and B are two mu- 
tually independent standard Brownian motion, with values, respectively in W 1 and E . This 
kind of equations has been introduced by Pardoux and Peng (H in 1994. A solution of 
that equation is a couple of jointly measurable processes (Y,Z) with values in R k x R d 
which mainly satisfies Eq. (Il.lb . The authors have proved an existence and unique solu- 
tion when / and g are uniform Lipschitz. They also showed that BDSDEs can produce a 
probabilistic representation for solutions to some quasi-linear stochastic partial differential 
equations. Unfortunately, the uniform Lipschitz condition cannot be satisfied in many ap- 
plications. Many authors have attempted to relax this condition on the coefficients / and g. 
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For instance, Shi et al. [6J weakened the uniform Lipschitz assumptions to linear growth 
and continuous conditions by virtue of the comparison theorem introduced by themselves. 
They obtain the existence of solutions to Eq. (11.11 ) but without uniqueness. Recently, N'zi 
and Owo have proved an existence solution to Eq. dl.lb when / is discontinuous in y 
and continuous in z. 

In this note, we study the now well-know reflected backward doubly stochastic differ- 
ential equations (RBDSDEs for short): 

Yt =% + f f(s,Y s ,Z s )ds + J g(s,Y s ,Z s )%B s + K T -K t - J Z s dW s , < t < T. (1.2) 

We establish a comparison theorem for this kind of BDSDEs which help us to derive a 
maximal and a minimal solution when the generator / is discontinuous. Our work is based 
to a recent paper of Bahlali et al. 0Q. They have proved that Eq. (11.21 ) has almost one 
solution and also a maximal and a minimal solution when the generator / is continuous in 
y and z. 

The paper is organized as follows. In section 2, we give some notations, definitions and 
assumptions. Section 3 deals with our main results. 

2 Notations, definitions and assumptions 

Let (O, f ,P) be a probability space in which are defined all the processes considered in the 
sequel. The Euclidean norm of a vector x £ E*, (k > 2) will be denoted by ||jc||. 

For each t £ [0, T], we define f t = f t w V f t B T , where for any process {r| ; ;f £ [0, T]} and any 
< s < t < T; fjj = o{r\ r -T| s ; s < r < t} <F? = f^; 9\£ denote the class of P-null 
sets of J . 

Note that {f^ t ,t £ [0, T]} is an increasing filtration and {f t B T ,t £ [0, T]} is a decreasing 
filtration, and the collection {T t ,t £ [0,T]} is neither increasing nor decreasing so it does 
not constitute a filtration. 

For any n £ N, let M 2 (0,T,M. n ) denote the set of ( class of dV®dt a.e. equal) n- 
dimensional jointly measurable random processes {cp f ;0 < t < T} which satisfy: 

a) ncp||^ 2 =Ea r |cp,i 2 J0<~ 

(ii) cp f is ^-measurable, for a.e. t £ [0, T]. 

We denote by S ([0,7], IR") the set of continuous ^-dimensional random processes which 
satisfy: 

(i) ||CP||2 =E( SUp I Cp f | 2 ) < oo 

0<t<T 

(ii) cp f is ^-measurable, for any t £ [0, T]. 

Definition 2.1. A solution of a RBDSDE is a triple of processes (Y,Z,K) which satisfies 
Eq. (11.21) and such that: 
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(i) (Y,Z,K) G 5 2 ([0,7/],R) x M 2 (0,T,R d ) x L 2 (ft,P,R + ), 

(ii) Y t > S t , for any t G [0,T], 

(iii) /f, is continuous and increasing process with Kq = and Jq (Y t — S t )dK t = 0. 

Definition 2.2. A triple of processes (Y*,Z*,K*) (resp. (F*,Z*,^*)) of 5 2 x 5W 2 x L 2 (£2) is 
said to be a minimal (resp. a maximal) solution of RBDSDE (11.2b if for any other solution 
(r,Z,JT) of (Pi we have Y* <Y (resp.F < F*). 

In this note, we assume that / satisfies some of the following conditions: 

(HO) / : Q. x [0,r] x R x R d -4 R is jointly measurable satisfies /(.,0,0) G M 2 (0,7/,R) 
and there exists a constant C> such that for all (t,yi,Zi) £[0,T]xMx R d , i = l,2 
\f{t,yuZx)-f(t,y u Z2)\<C{\y { -y 2 \ + \\zi-Z2\\)- 

(HI) For every (f,C0) G [0, T] x £2, the map (y,z) i-> f(t,y,z) is continuous. 

(H2) There exists a process cp G M 2 (0,T,R) with positive values and a positive constant 
K>0 such that |/(/,y,z)| < cp f + K(|y| + \\z\\), for all (f,y,z) G [0,7/] xRxl j . 

(H3) For every (/,C0) G [0,T] X CI, z G R rf , the map y i-» f(t,y,z) is left-continuous and 
non-decreasing and for y G R, z h-» f(t,y,z) is continuous. 

(H4) There exists a continuous function /i : R x R d — > R, which satisfies 

|%,z)| < K(|y] + for any (y,z) G R x R J , such that for all y Y >y 2 ,t£ [0,T] , 
zi,z 2 e R d , wehave/(f,yi,zi)-/(f,y 2 ,Z2) > %i -J2,zi -z 2 ) 

Moreover, we assume that: 

(H5) The terminal condition £ belongs to L 2 (H, jF r ,P,R). 

(H6) The obstacle 5 belongs to G S 2 ([0, T],R) such that S T < £, a.s. 

(H7) g:(2x[0,r]xRxR <l ->R'is jointly measurable satisfies g(.,0,0) = and there 
exist two constants C > and < a < 1 such that for all t G [0,T], (yi,Zi), (y 2) z 2 ) £ 
R x R d , 

\\g{t,yi,zi)-g{t,y 2 ,Z2)\\ 2 <C |yi -y 2 | 2 +a||zi -z 2 |[ 2 . 

3 Main results 

Our purpose is to establish an existence of minimal or maximal solution to RBDSDEs (11.2b 
when parameters (f,g,£,,S) satisfy (H2)-(H7). 

To attain our goal, we need to establish first the following theorem which is an extension 
of the existence result established in Bahlali et al. ifT) . 

Theorem 3.1. Assume that (H\)-(H2) and (H5)-(H7) hold. Then, the RBDSDE CL2]> has 
a solution. Moreover, there is a minimal and a maximal solution to RBDSDE (11.2b . 
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Proof. We define f n (t,y,z) = inf \ f(t,u,z) +n \ y — u \ \, for n > K. For every n > K, /„ 

ueQ I J 

is uniformly rc-Lipschitz and (/„) converges suitably to /. Now, as |/(f,y,z)| < % + K (M + 
||z||), the rest of is the adaptation of Theorem 3.3 in Bahlali et al. [1] where |/(f,y,z)| < 
K (l + \y \ + IklD- Therefore it is ommitted. □ 

We also need the following comparison results. 

Theorem 3.2 (Comparison with at least one Lipschitz function). Let g, S' and (i=l,2) 
satisfy (H5)-(H7). Assume that RBDSDEs (f ,g,^ ! ,S ) and (f 2 ,g,t. ,,S 2 ) have solutions 
(Y l ,Z l ,K l ) and (Y 2 ,Z 2 ,K 2 ), respectively. Assume moreover that: 

(i) ^ < 1? a.s., 

(H) Sj < Sf a.s., for all t € [0, T] 

(Hi) f satisfies (HO) such that f (t,Y 2 ,Z 2 ) < f 2 (t,Y 2 ,Z 2 ) a.s. 

(resp. f 2 satisfies (HO) such that f(t,Y l ,Z ! ) < f 2 (t,Y\Z l ) a.s.). 

Then, Y t l < Y 2 a.s., for all t £ [0,T]. 

Proof. Applying Ito's formula to | (Y t l — F 2 )+ \ 2 , we have 

E\(Y*-Y?)+\ 2 + Ej\ w>r?} \\Zl-Z}\\ 2 d S 
= m l -^Y\ 2 + 2Ej t T (Y L !-Y 2 ) + {f\sX,zl)-f 2 (s,Y 2 ,Z 2 ))ds 

+2E f\y} -Y 2 ) + (dK]-dK 2 ) + E j\ w>Yn Us^,Z])-g(sJ 2 ,Z 2 )\\ 2 ds. 

From (i), E| - % 2 ) + | 2 = and from (hi), we have 

f(s,Y},Zl)-f 2 (sJ 2 ,Z 2 )<f i (sJ s \Z l s )-f i (s,Y 2 ,Z 2 ). 

Therefore, from Young inequality, and the fact that f l satisfies (HO) and g verify (HI), we 
get 

E | (F/ - Y 2 ) + 1 2 + E ^ \ {Y}>Y}} \\Z\ - Z 2 \\ 2 ds 

< Q+PC + C^E J* |(F; -T 2 )+| 2 ^+(pc + a)E j\ {n>Yl] \\Z] -Z 2 \\ 2 ds 
r T 

+2E J (F/ - Yj) + (dK] - dK 2 ) . 
Since Y t l > Sf > 5/ on the set {Y? > F 2 } we derive that 

E J (F/ - Y 2 ) + (dK] - dK 2 ) = -E J (Y} - Y 2 ) + dK 2 < 0. 
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Hence, 



< 



E\(Y t l -Y?)+\ 2 + E jf \ W>Y 2 } \\Z]-Z 2 s \\ 2 ds 

(l + PC + C\E J" 1(7/ -F 4 2 )+| 2 ^+(PC + a)E ^\ y i >1?} ||Z; -Z 2 || 2 ^. 



Consequently, choosing < p < and using Gronwall inequality, we obtain E|(7/ — 



Theorem 3.3 (Comparison with at least one continuous function). Let g, S' and Q (i=l,2) 
satisfy (H5)-(H7). Assume that RBDSDEs (/^g,^ 1 ,^ 1 ) and (f ,g,£, ,S ) have solutions 
(Y ,Z ,K ) and (Y ,Z 2 ,K 2 ), respectively. Assume moreover that: 

(i) ? < 1? O.S., 

(H) Sj < Sf a.s., for all t € [0, T] , 

(Hi) f satisfies (H1)-(H2) such that f(t,Y 2 ,Z 2 ) < f 2 (t,Y 2 ,Z 2 ) a.s. and (Y l ,Z l ,K x ) is 
the minimal solution (resp. f 2 satisfies (HI )-(H2) such that f l (t,Y l ,Z ) < f 2 (t,Y ,Z ) 
a.s. and (Y 2 ,Z 2 ,K 2 ) is the maximal solution). 

Then, Y t y < Y 2 a.s., for all t € [0,T]. 

Proof. For any fixed K > 0, let us define 



Hence, for every n > K, f* is uniformly «-Lipschitz, linear growth and converges suitably to 
f l (cf. Lepeltier and San Martin [2]). Then we get from Theorem [3J] that for every n > K, 
RBDSDE (f^g&^S 1 ) has a unique adapted solution (Y 1 ' n ,Z 1 ' n ,K 1 > n ) which converges to 
the minimal solution (Y l ,Z l ,K l ) to the RBDSDE (f [ ,g,£, 1 ,S l ) (cf. proof of Theorem 3.3 
in Bahlali et al. Ql). Moreover, for all n > K, /„ < / . Therefore, from (Hi), we have 
f}{t,Y 2 ,Z 2 ) < f 2 (t,Y 2 ,Z 2 ) a.s. Then, by Theorem^ we get Y 1,n < Y 2 a.s., for all n > K. 
Hence, we have F 1 < Y 2 . 

On the other hand, if we define 



it is easy to check that for all n > K, f l (t,Y l ,Z l ) < f 2 (tj\Z l ) < f 2 (t,Y l ,Z l ) and f 2 is 
uniformly «-Lipschitz, linear growth and converges suitably to f 2 . Then, applying again 
Theorem l3.2[ Y [ < Y 2 - n a.s., for all n > K, where (Y 2,n ,Z 2 '" ,K 2 ' n ) is the unique solution to 
BDSDEs (f%,g,t, 2 ,S 2 ) which converges to (Y 2 ,Z 2 ,K 2 ), the maximal solution of BDSDEs 
{f 2 ,g,T,t, 2 ) (cf. proof of Theorem 3.3 in Bahlali et al. ID)- Therefore, we get F 1 < Y 2 
a.s. □ 



Y 2 ) + \ 2 <0. Thus (Y t l -Y 2 ) + =0 a.s. i.e. Y t l <Y 2 a.s., Vte[Q,T]. 



□ 
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Lemma 3.4. Let (j) belongs in M (0, T; R) and h appear in assumption {H5). For a contin- 
uous function of finite variation A belongs in L 2 (£2,P,R) and verifies Aq = 0, we consider 
the processes (Y ,Z) G 5 2 ([0,r],R) x M 2 {0,T,R d ) such that: 

(()% = $ + J* [h(Y s ,Z s ) + $ s ]ds + J* g(s,Y s ,Z s )dB s +A T -A t - J* Z s dW s ,, te[0,T] 

T _ 

Y~dA s >0. (3.1) 



Then, iffy >0and^>0, we have Y t > 0, P-a.s. V t G [0, T\ 

Remark 3.5. Let us note that the assumption (ii) in Lemma [3~4l is not a technic hypothesis 
but becomes natural since we are in our framework i.e Jq(Y s —S s )dK s = 0, where (Y,Z,K) 
is a solution of 

Proof. Applying Ito's formula to |F f ~| 2 , we have 

E\?- 1 2 + eJ* 1 {?j<0} \\Z s \\ 2 ds = E\t,- 1 2 - 2eJ* ?~ (h(Y s ,Z s ) + ^ ds 

-2eJ* Y-dA s + eJ* 1 {?j<0} \\g(s, Y,,Z s )\\ 2 ds. 

Since (j) f > and t, > and using the fact that — 2E f t T Y~dA s < 0, we derive that 

E|?r| 2 + E^ r i { y 5<0} ||Zj 2 ^ < -2E f' n ?-h(Y s ,Z s )ds + E f\ {?s<Q} \\g{s,Y s ,Z s )\\ 2 ds. 

From {HI), we get ||g(5,v,z)|| 2 < C\y\ 2 + a||z|| 2 which together with {HA) and Young in- 
equality provide 

E|?-| 2 + E^ r i { y !<0} ||Z,.|| 2 ^ < Q+2pK 2 + C^E^ r |?-| 2 ^+(2pK 2 + a)E^ r i {?!<0} ||Zj 2 ^. 

Therefore, choosing < [3 < an d using Gronwall inequality, we obtain Y t ~ = P-a.s. 
V t G [0, T], which implies that Y t > P-a.s. V t G [0,T]. □ 

Now, we are ready to prove our main result. 

Theorem 3.6. Under assumptions {H2)-{H1), the RBDSDE (11.21 ) has at least one solution. 
Also, there is a minimal solution (y,Z,k) to RBDSDE (11.21) . 

Proof. By virtue of Theorem 13- 1 L let consider the processes {y°,z°,k°), and 
the sequence of processes {{y n ,z n ,k n )} n>l respectively minimal solution of the following 
RBDSDE: for all t E [0,T], 

ft = *, + f (-K\y°s\ - k\\z° s II - 9s)ds + 4 - k? + f t T g(s,y°,z°)dB s - f t T z°dW s , 
3? > S t , (3.2) 
g{y° s -S s )dk° = 
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f t =5 + j; r (Tc|^| + K||^||+q>,)rf S H-^-^ + //^(j,^,^)rfB,-/ r r ^rfl^ 1 t G [0,2-], 
t>S t , te[0,T], (3.3) 



and 



= S + /, 7 " (/M -1 .*? -1 ) -^r 1 )) ds + Q-k? + f?g(s,y?,z»)B, - f t T z n s dW s , 

yf>S t , (3.4) 
SZ(y n s -S s )dk>l=0. 

To complete the proof, it's suffice to show that the sequence (y n ,z n ,k n ) converges to a limit 
(y,z,k) which is the minimal solution of RBDSDE (11.21) . In this end, we shall first prove 
that for any n > 0, 

y?<y? +1 <y1, P-a.s. Vte[0,r]. 

For n > 0, we set {y? +1 ' n ,z? +1 ' n ,k? +1 ' n ) = (y^ 1 -y?,z? +1 ~zlX +l -*?), which satisfies 
the following equation: 

y r Un = [ (/ J (jr i ^zr i '")+c)^+4 +1 '"-^ +1 '"+/% n (^^ +l '",zr 1 '' 1 )^ 

z't +1 ' n dW s , 



v,h e r e g n (t,y,z)=g(t,y+y?,z + z?)-g(t,y?,z?),Vn>0, = f(s,y° s ,z° s ) +*\y s \ +k||z°|| + 9, 
and^ = /(j,yJ,zJ)-/(j,^- 1 ,zJ- 1 )-*(^-yJ- 1 ,zJ-^- 1 ), n > 1. According to it def- 
inition, one can show that (j)° and g", V « > satisfy all assumptions of Lemma [341 More- 
over, since k" is a continuous and increasing process, for all n > 0, is a continuous 
processes of finite variation and, using the same argument as one appear in (H, on can show 
that 

[ T ( y r hn )-dkr ln = f\ y r l -y-rdK +l > o. 

Jo JO 

Therefore, it follows from Lemma [3~4l that y) ,Q > a.s., i.e. y® < yj, a.s.for all t G [0,7]. 
Let us suppose that there exists n > 1 such that y"~ l < y". Then, for such n, satisfies 
assumption of Lemma [3~4l from which, we obtain y" < y" +1 , a.s., for all t G [0, T\. Finally, 
for all n > 0, y n t < y n t +x a.s. for all t G [0, T]. 

Setting (_y°' n , z?'" , k^' n ) = (jf — y" , — z" , fc f ° — k") , we check similarly as above that for 
all n > 0, yf'" > a.s., for all f G [0,7/], i.e. for all n > 0, jf <y? , a.s., for all t G [0,7/]. 
Thus, we have for all « > 0, 

<y f " +1 <5?, P-a-s. V?G [o,r]. 
Moreover, since |y"| < max(|yf|, |)f |), V? G [0,7] we have 

supE( sup |j;'| 2 ) <max[E( sup |y?| 2 ),E( sup \y°\ 2 ) J < +oo. (3.5) 

« MK/<r ' V M)</<r ' M)<f<r '/ 
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Therefore, we deduce from the dominated convergence theorem that (y")n>o converges in 
5 2 ([0,r],M) to a limit y. 

On the other hand, by virtue of Ito's formula, we have 

e (w +1 i 2 +/ik +1 ii 2 ^) = m\ 2 +2E J%: +i (/(s^^+Ky^ -f s ,c l -z:)) d S 

+2E f T y^ l dk1 +l +E f \\g{s iy ^\C l )\\ 2 ds. (3.6) 
Jo Jo 

From (H2), (H4), (H7) and Young inequalities, we get for any y,G > 0, 

y: +l {f{s, y :-\zr l )+Kf s -y n -\z n s -z n - 1 )) < K +1 |cp. s . + KK+ 1 |(2|^| + 2|^|| + b» +1 | + ||z» +1 ||) 

- Q+ k2 +^+ k +^)^ +1 i 2 +wi 2 +|^ii 2 
+fik? +1 n 2 +^i 2 , 

\\g(s,y'! + \z n s +l )\\ 2 < C|^ +1 | 2 + a|k" +1 H 2 - 
Using again Young inequality, we have for any B > 0, 

2E [ T y'l +l dk n s +l =2 [ T S s dk" +{ < ~E( sup \S,A +pE(^ +1 ) 2 
Jo Jo p \o<f<r / 

Therefore, there exists a constant C\ independent of n such that for any y, a > 0, we derive 

E / r ||z" +1 || 2 ^<Ci + (a + a)E F \\z'l +l fds +yE C ||z?|| 2 dj + BE|jfcJ +1 | 2 . (3.7) 
Jo Jo Jo 

Moreover, since 

k n j+ i = yn+i (f( s ,f s ,z» s ) + h (f s +1 -yU" +l -z n s ))ds- f\{s,y1 + \z1 +{ )tB s 

+ [ % +1 dw s , t€[o,r], 

JO 

it follows from Holder and BDG's inequalities and the properties on /, h and g that there 
exists C2 independent of n such that 

E(4 +1 ) 2 < C 2 + cEy r (||z?|| 2 + ||0| 2 )^. (3-8) 

According to (13.71) and (f3~8l) and choosing a > and B > such that < a + Be < 1 - a, 
we derive for any y > 0, n > 



E 



r „,;+. < _ + i+fe E ^ 2 

Jo 1 — a — a — Be 1 - a - a - Be Jo 



Be 1 - a - a - Be 
which provide by iteration 

Jo 1 -oc-c-Bc a V 1 -a- a 



1 — a — a — Be \ 1 — a - o - Be, 

+ ( , R )' E / r ||^, (3.9) 

Vl-a-a-Bc/ Jo 
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1 — (X 1 — (X 

Choosing y > (for example, one can take: < G < , < B < and < y < 

2 4c 

I -a- a- 2Bc ) such that < — - — — < 1 and noting that E / \\z2 \\ 2 ds < °°, we 

"' _ Jo 



obtain 



1 - a - a - Be 



r-T 

sup E / ||z"|| 2 ds < +o 

n>0 JO 



(3.10) 



Denoting 6? = f(s, y"~ 1 , z"r 1 ) + h {y n s -y n ~\z n s -z1~ l ), it follows from (33) and (l3~T0b that 
6£ is uniformly bounded in M 2 (0, T,R). 

Applying again Ito's formula to \yf — \ , we have 

E bf - y't\ 2 + E f | |zf - 1 1 2 ds = 2Ej\yP-y" s )(QP-Q n s )ds + 2Ej\yP-yP) (dkf - dk n s ) 

+Ef t T \\g(s,y?,z P -)g(s,y n s ,z:)\\ 2 ds- 

Using the fact that y n t > S, for all t G [0, T] and the identity / (f s - S s )dk" s = 0, we obtain 

Jo 

e / r ||zf-z: ! || 2 ^ < 2E rof-^cef-ejyj+E / r ||g(^,z?)-sM,4)ll 2 ^- 

Jo Jo Jo 

Therefore, by virtue of Holder's inequality and (H7), we obtain 

(l-oc)E f M-z n s \\ 2 ds < 4fsup||e«|U^ (e [ T \yr-ti\ 2 dsY+CE f |yf -y»\ 2 ds, 
Jo \„>o J \ Jo J Jo 



which yields that (z n ) n>0 is a Cauchy sequence in M 2 (0, T,M. d ) so that it converges in 
M 2 (0,T,R d ) to a limit z. On the other hand, since (y n ,z n ) -)■ (y,z) in 3W 



x 5( 



then there exists (/ ,z') € M 2 (M rf ) x 5 (M) and a subsequence which we still denote (y",z n ) 
such that Vn, |y| < /, < z' and (y n ,z n ) -> (y,z),dt x <iP a.e. Therefore, from the 
properties of /, g and h, we get for almost all go, 



f(t,y>r,z'D+h(y? -yr\z? -z'D ^ At^zJ, 

P-a.s., for all t € [0,T] as n — > oo. Then, it follows by the dominated convergence theorem 
that 

as n — > oo. On the other hand, by Burkholder-Davis Gundy inequality, 



E sup 

o<r<r 



<CE 



j\(s,y n s ,z n s )dB s - jf g(s,y_ s ,z,)dB s 

[ T y n s -y 1 ds + uE C \\z n s -z £ds — > 0, 
Jo - s Jo ' n — 
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and 



E sup 

o<f<r 



<E / \f s -z} ds — > 0. 



Since, (y n ,z n ,Q n ) converges in 5 2 ([0, T];R) x M 2 ([0, T];R d ) x 5W 2 ([0,r];M rf ) and 
E sup lifef-jfefl 2 < E\y p Q -y f + E sup (yf -^| 2 + E f \Q P S -Q n s \ 2 ds 

Q<t<T 0<t<T JO 

(jg(s,y?,4)-gM,$))%B s 
for any n,p > 0, we deduce from Burkhtilder-Davis Gundy inequality that 

E( sup |^-jfef| 2 ) -^0, 

\0<t<T ) 

as n, p — > oo. Consequently, there exists a ^-mesurable process k with value in R such that 

i2 



-E sup 

Q<t<T 



+ E sup 

o<?<r 



(z£-z?)«W, 



E 



( sup \kf — k, 

\0<t<T 



0, 



as n — > oo. Obviously, & = and 0<?<T}isa non-decreasing and continuous 
process. From d3~4i we have for all n > 0, y? > S t , V / G [0, T], then ^ > 5, , V t G [0, T] . 
On the other hand, from the result of Saisho (1987, p. 465), we have 

f \y n s -S s )dk n s f T (y -S s )dk s 
Jo Jo 

Using the identity / (j£ - S,)<i&" = 0, for all n > 0, we obtain 
JO 



-a.s. as 



y (3^ — S s )dk s = 0. Finally, passing to the limit in (I3.4I ). we get that is a solution 

of the RBDSDE Ol) . 

Let be any solution of the RBDSDE (I1.2I ). By virtue of Theorem 13.31 we have 

y" < y, for all n > and therefore, y < y i.e., y is the minimal solution. □ 



Remark 3.7. We can prove the maximal solution result for BDSDEs (11.21) when the coeffi- 
cient / is right-continuous and decreasing. 
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